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Theorem: Prove that the linear span L(S) of any subset S of a vector space V(E) IS a
subspace of V (F).

Proof: Taking S = {ay, a3, ..., a,,} be asubset of the vector space V (F).

Clearly, L(S) is a nonempty subset of V' (F).
Leta, B € L(S), then
a=aa +aa, ++a,a, and

ﬁ = b1a1 +b2a2 + "'+bmam,Where ai,bi € F, Vi<i<m.

Fora,b € F,
aa + bp = a(a a1 + ayap + -+ a,a,,) + b(bya; + byay, + -+ b, ;)

= (aay + bby)ay + (aa, + bby)a, + -+ (aa,, + bb,,)a,,
€ L(S)




Theorem: If S is a subset of a vector space V (F), then prove that

(i). Sisasubspace of V < L(S) =S and (ii). L(L(S)) = L(S).

Proof: Let S = {a4, a5y, ..., a,,}be asubset of a vector space V(F).
(i) Case 1: Let S is a subspace of V.
Clearly S € L(S).
Fora € L(S),a = a1y + ayay + - + a,,a,,,, Where aq, ay, ...,a,, € F.

Since S is a subspace of V(F), then

a=aa +aa,+-+a,a, €S, byvector addition and scalar multiplication.
This shows that L(S) € S and therefore L(S) = S.
Case 2: Let L(S) = S.
We know that L(S) is a subspace of a vector space V (F) (By previous theorem).

This implies that S is also a subspace of a vector space V (F).

(i) We know that L(S) is a subspace of a vector space V(F) (Previous theorem).

Then, from (i) L(L(S)) = L(S)
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Theorem: If S and T are the subsets of a vector space V (F) then prove that
()SST=L(S) S LT and (ii) L(SUT) = L(S) + L(T).
Proof:
(i) Leta € L(S). Then
a=aa +aa, + azaz + -+ a,qa,,
where a;'s € S and a;'s € F,V1<i<n.
Since S € T,sothat a;'s € T, for all i. Then
a=aqa+aa,+ azaz + -+ a,a,,
wherea;’'s €T and q;'se F,V1<i<n.

= a € L(T)
l.e., a EL(S)=> a € L(T)

This represents that L(S) € L(T).
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(ii) Leta € L(S UT), then a can be written as
a=aa;+aa, + azaz + -+ a,a, + b1+ by + b33+ -+ b, Sy,
where a;’s, b;'s € Fand a;'s € S, B;'s € T, forall 1 <i<m,1<j <n.
Since aya; + aya, + azaz + -+ a,a, € L(S)and byf1 + by, + b3f3 + -+ b, B, € L(T).
Therefore a € L(S) + L(T).
e, a €EL(SUT)= a € L(S)+ L(T) and therefore L(SUT) c L(S) + L(T) ----- (1)

Conversely, suppose that « € L(S) + L(T). Then
a=f+y, where f € L(S)and y € L(T).
Letf =ciay + cpap + cza3 + -+, Yy =d1f1 +dy0, + d3ffiz + -+ d, B,
where ¢;’s, d;'s € F and a;'s € S, ,Bj’s eT,foralll1<i<m,1<j<n.
This implies a;s, Bjs € SUT and thena = B +y € L(SUT).
e, a €L(S)+ L(T) = a € L(SUT) and therefore L(S) + L(T) c L(SUT) ----- (2)
From (1) & (2), we conclude that L(SUT) = L(S) + L(T).
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