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Theorem: Prove that the linear span 𝐿(𝑆) of any subset 𝑆 of a vector space 𝑉(𝐹) is a 

subspace of 𝑉(𝐹). 

Proof: Taking 𝑆 = {𝛼1, 𝛼2, … , 𝛼𝑚 } be a subset of the vector space 𝑉(𝐹).  

 Clearly, 𝐿(𝑆) is a nonempty subset of 𝑉(𝐹).     

 Let 𝛼, 𝛽 ∈ 𝐿(𝑆), then          

  𝛼 = 𝑎1𝛼1 + 𝑎2𝛼2 + ⋯ + 𝑎𝑚𝛼𝑚  and      

  𝛽 = 𝑏1𝛼1 + 𝑏2𝛼2 + ⋯ + 𝑏𝑚𝛼𝑚 , where 𝑎𝑖 , 𝑏𝑖 ∈ 𝐹, ∀ 1 ≤ 𝑖 ≤ 𝑚. 

 For 𝑎, 𝑏 ∈ 𝐹,          

  𝑎𝛼 + 𝑏𝛽 = 𝑎 𝑎1𝛼1 + 𝑎2𝛼2 + ⋯ + 𝑎𝑚𝛼𝑚  + 𝑏 𝑏1𝛼1 + 𝑏2𝛼2 + ⋯ + 𝑏𝑚𝛼𝑚   

                     =  𝑎𝑎1 + 𝑏𝑏1 𝛼1 +  𝑎𝑎2 + 𝑏𝑏2 𝛼2 + ⋯ +  𝑎𝑎𝑚 + 𝑏𝑏𝑚 𝛼𝑚  

    ∈ 𝐿(𝑆) 
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Theorem: If 𝑆 is a subset of a vector space 𝑉(𝐹), then prove that               

 (i). 𝑆 is a subspace of 𝑉 ⇔ 𝐿 𝑆 = 𝑆   and   (ii). 𝐿 𝐿 𝑆  = 𝐿(𝑆).   

Proof: Let 𝑆 = {𝛼1, 𝛼2, … , 𝛼𝑚 } be a subset of a vector space 𝑉(𝐹). 

(i) Case 1: Let 𝑆 is a subspace of 𝑉. 

  Clearly 𝑆 ⊆ 𝐿(𝑆).                       

For 𝛼 ∈ 𝐿(𝑆), 𝛼 = 𝑎1𝛼1 + 𝑎2𝛼2 + ⋯ + 𝑎𝑚𝛼𝑚 , where 𝑎1, 𝑎2, … , 𝑎𝑚 ∈ 𝐹.                      

Since 𝑆 is a subspace of 𝑉(𝐹), then         

  𝛼 = 𝑎1𝛼1 + 𝑎2𝛼2 + ⋯ + 𝑎𝑚𝛼𝑚 ∈ 𝑆, by vector addition and scalar multiplication.  

This shows that 𝐿 𝑆 ⊆ 𝑆 and therefore 𝐿 𝑆 = 𝑆.   

Case 2: Let 𝐿 𝑆 = 𝑆.           

 We know that 𝐿(𝑆) is a subspace of a vector space 𝑉(𝐹) (By previous theorem). 

This implies that 𝑆 is also a subspace of a vector space 𝑉(𝐹). 

 

(ii) We know that 𝐿(𝑆) is a subspace of a vector space 𝑉(𝐹) (Previous theorem).    

  Then, from (i) 𝐿 𝐿 𝑆  = 𝐿(𝑆)   
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Theorem: If 𝑆 and 𝑇 are the subsets of a vector space 𝑉(𝐹) then prove that          

  (i) 𝑆 ⊆ 𝑇 ⇒ 𝐿(𝑆) ⊆ 𝐿 𝑇    and  (ii)  𝐿 𝑆 ∪ 𝑇 = 𝐿 𝑆 + 𝐿 𝑇 . 

Proof:  

(i) Let 𝛼 ∈ 𝐿(𝑆). Then         

        𝛼 = 𝑎1𝛼1 + 𝑎2𝛼2 + 𝑎3𝛼3 + ⋯ + 𝑎𝑛𝛼𝑛 ,                                                            

where 𝛼𝑖 ′𝑠 ∈ 𝑆  and  𝑎𝑖 ′𝑠 ∈ 𝐹, ∀ 1 ≤ 𝑖 ≤ 𝑛. 

   Since 𝑆 ⊆ 𝑇, so that  𝛼𝑖 ′𝑠 ∈ 𝑇, for all i. Then     

    𝛼 = 𝑎1𝛼1 + 𝑎2𝛼2 + 𝑎3𝛼3 + ⋯ + 𝑎𝑛𝛼𝑛 ,                                                     

where 𝛼𝑖 ′𝑠 ∈ 𝑇  and  𝑎𝑖 ′𝑠 ∈ 𝐹, ∀ 1 ≤ 𝑖 ≤ 𝑛.        

       ⇒ 𝛼 ∈ 𝐿(𝑇) 

 i.e., 𝛼 ∈ 𝐿(𝑆) ⇒ 𝛼 ∈ 𝐿(𝑇) 

 This represents that 𝐿(𝑆) ⊆ 𝐿 𝑇 . 
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(ii) Let 𝛼 ∈ 𝐿 𝑆 ∪ 𝑇 , then 𝛼 can be written as        

  𝛼 = 𝑎1𝛼1 + 𝑎2𝛼2 + 𝑎3𝛼3 + ⋯ + 𝑎𝑚𝛼𝑚 + 𝑏1𝛽1 + 𝑏2𝛽2 +  𝑏3𝛽3 + ⋯ + 𝑏𝑛𝛽𝑛 ,                        

where 𝑎𝑖 ′𝑠, 𝑏𝑖 ′𝑠 ∈ 𝐹 and 𝛼𝑖 ′𝑠 ∈ 𝑆, 𝛽𝑗 ′𝑠 ∈ 𝑇, for all 1 ≤ 𝑖 ≤ 𝑚, 1 ≤ 𝑗 ≤ 𝑛. 

Since 𝑎1𝛼1 + 𝑎2𝛼2 +  𝑎3𝛼3 + ⋯ + 𝑎𝑚𝛼𝑚 ∈ 𝐿(𝑆) and 𝑏1𝛽1 + 𝑏2𝛽2 +  𝑏3𝛽3 + ⋯ + 𝑏𝑛𝛽𝑛 ∈ 𝐿(𝑇).  

 Therefore 𝛼 ∈ 𝐿 𝑆 + 𝐿 𝑇 . 

 i.e., 𝛼 ∈ 𝐿 𝑆 ∪ 𝑇  ⇒ 𝛼 ∈ 𝐿 𝑆 + 𝐿 𝑇  and therefore 𝐿 𝑆 ∪ 𝑇 ⊂ 𝐿 𝑆 + 𝐿 𝑇  ----- (1) 

Conversely, suppose that 𝛼 ∈ 𝐿 𝑆 + 𝐿 𝑇 . Then       

 𝛼 = 𝛽 + 𝛾, where 𝛽 ∈ 𝐿(𝑆) and 𝛾 ∈ 𝐿(𝑇).  

 Let 𝛽 = 𝑐1𝛼1 + 𝑐2𝛼2 +  𝑐3𝛼3 + ⋯ + 𝑐𝑚𝛼𝑚 , 𝛾 = 𝑑1𝛽1 + 𝑑2𝛽2 +  𝑑3𝛽3 + ⋯ + 𝑑𝑛𝛽𝑛 ,  

where 𝑐𝑖 ′𝑠, 𝑑𝑖 ′𝑠 ∈ 𝐹 and 𝛼𝑖 ′𝑠 ∈ 𝑆, 𝛽𝑗 ′𝑠 ∈ 𝑇, for all 1 ≤ 𝑖 ≤ 𝑚, 1 ≤ 𝑗 ≤ 𝑛. 

  This implies 𝛼𝑖 ′𝑠, 𝛽𝑗
′𝑠 ∈ 𝑆 ∪ 𝑇 and then 𝛼 = 𝛽 + 𝛾 ∈ 𝐿 𝑆 ∪ 𝑇 . 

 i.e., 𝛼 ∈ 𝐿 𝑆 + 𝐿 𝑇   ⇒  𝛼 ∈ 𝐿 𝑆 ∪ 𝑇  and therefore 𝐿 𝑆 + 𝐿 𝑇 ⊂ 𝐿 𝑆 ∪ 𝑇  ----- (2)  

From (1) & (2), we conclude that 𝐿 𝑆 ∪ 𝑇 = 𝐿 𝑆 + 𝐿 𝑇 .  
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